Abstract-The nature of singularities at the vertex of conical notches and inclusions is found for problems of potential theory and for elastostatic problems of torsion and of axisymmetric stress. A solution in terms of spherical harmonics and a general numerical solution based upon the field equations are used to determine the power dependence of the field quantities upon the distance from the apex of the cone. Eigenvalues representing the exponent are computed for various values of cone angle and for various Poisson ratios.
INTRODUCTION
Whereas singularities in two-dimensiona problems of potential theory and of elasticity have already been thoroughly examined, Iittfe is known of the singularities in three-dimensional problems. Even the singularities at conical notches and inclusions, the simplest of the three-dimensional problems, seem to have escaped attention and will, therefore, be examined in this study. Spherical coordinates will be employed and will be separated in a manner which is analogous to that introduced by Knein[l] (upon suggestion of van K&-man), and later indep~ndentIy developed by WilliamsfZ], and Karp and Karal[3] . Attention will be restricted to problems that either are axisymmetric or are reducible to ane-dimensional problems. The axisymmetric elasticity problems for a cone has recently been investigated by Thompson and Little[4] , but they considered only cones of acute vertex angle (less than rr) in which no singularities arise. Nevertheless, it is easy to check that their general solution applies for all angles, and so it can be used herein.
Two variants of soIution will be used. One will be based on spherical harmonics [4] . The other will be a genera1 numerical method which, after some additional refinements [5] , is applicable to three-dimensional singular problems in generaI. A demonstration of this numerical method is a second objective of this study.
POTENTlAL THEORY
Consider a three-dimensional harmonic function ~(0, 4, v) in spherical coordinates 8, 4, r which are centered in the apex of a cone whose axis coincides with the pole. Jn analogy with the method of Knein[I] , Williams[2] , and Karp and Karal[3] , the radial coordinate r will be separated by assuming the harmonic function in the form 
In the limit 0 + 0, this equation degenerates into a condition of axisymmetry:
Two types of the boundary condition on the surface of the cone (0 = p) will be considered :
(Note that the boundary condition U = const. may be reduced to U = 0 by a substitution of a new variable for u.)
The boundary conditions on the radial rays will not be specified, and so an infinite number of solutions is naturally expected. That this is indeed so is clear from the fact that equations (2) and (Sa) or (5b) represent an eigenvalue problem. Its eigenstates form a complete orthogonal system and, therefore, a solution for any specified boundary conditions on the radial rays is a linear combination of all eigenstates. However, in a sufficiently small neighborhood of the apex of the cone, the eigenstate that corresponds to the root A of the smallest real part prevails (except in the special cases in which the boundary conditions on radial rays yield a zero coefficient for this eigenstate). Consequently, determination of the smallest &(A) is of particular interest, especially when 1 Re 11 < 1 because the gradient is then unbounded near the apex r = 0 (singular behavior). 
Vb)
In the limiting case of a Iine inclusion (8 = a) the solution is well known [7] :
while for a line notch a homogeneous field (A = 1) is the solution,
( B) Direct numerical method based on field equations
Interval 8 E (0, 8) is subdivided by-discrete nodes, uniformly spaced, and equation (3) and the boundary conditions are replaced by their finite difference approximations.
If the boundary conditions (4) and (5a) or (Sb) are eliminated. one obtains for the nodal values U; a tridiagonal system of linear algebraic equations which can be brought to the form:
with ,~l = E.0. + 1 j; (i = 1, 2.
. 17).
where coefficients ajj are independent of ;1. Thus, the problem is reduced to a standard eigenvalue problem. Standard library subroutines have been used for its numerical solution, After determining p, whether complex or real, the corresponding value of i is computed as A = -4 + .,/$? il. The solution has been programmed for complex 3., and it has been proved that no complex roots exist. With a step size A9 = fi/48 the results coincided to four digits with those obtained analytically ( Fig. 1) . To illustrate the convergence, the L-values for ~~A~ = 12, 24, 48 and 96 are 0.46396, 0.46332, 0.46315 and O-4631 1 in the case of a notch with p = $n and k = 0 (for second-order finite difference formulas). The direct numerical solution involves more algebraic operations than the previous numerical solution based on an analytical approach, but the cost of computation is so small that the difference is undetectable. When searching for complex i,, the direct numerical approach is more simple to program. and even more importantly, all computations are explicit and the computer runs are sure to succeed (whereas the solution of 2 from (6a) or (6~) requires tracing in the complex plane the curves of Re(ll) = 0 and the curves of im(A) = 0, and finding their intersections, for which a computer program that would not necessitate many runs and an interaction of the programmer is difficult to write). It seems that with small A0 the direct numerical method works satisfactorily even for fi quite close to rt (O-97n). although for /I sufficiently close to 7c it must fail, because function U(8) tends. according to (8) . to become singular at 0 = 7r. Physically, the above solutions represent distributions of temperature near a uniformly heated perfectly conducting conical inclusion or a non-conducting conical inclusion: or similar distributions of electric charge, of stream function in flow or seepage problems, etc. The cases for k = 1 and k = 0 correspond to homogeneous distant held with gradients parallel to # = 0, B = n/2, and to Q = 0, respectively. The above solution also describes scattering of waves by a reflecting or absorbing cone, because near the singularities the Helmholtz reduced wave equation is equivalent to Laplace equation. The same is true of the Poisson equation.
ELASTIC TORSION
As is well known ([8], p. 326), the elasticity problem admits solutions for which U, = uit = 0 (U denotes displacement component in the direction defined by the subscript). These solutions correspond to the case of torsion about axis B = 0. Displacement zl+, then satisfies the equation ( [S] , p. 326) : V(u, cos 41) = 0.
110)
In the case of a rigid conical inclusion, the boundary condition on the surface of a cone is U+ = 0. Thus, the problem is identical to the previously solved potential theory problem of an inclusion {case a in Fig. 1 ) with k = I. It is seen that no singularity of stress occurs (R > 1).
In the case of a conical notch, shear stress CJ+~ must vanish at the cone. Using the expression for strain e@,, in spherical coordinates [S, 91, 
This case has been solved in the same manner as described before and again no stress singularity was found to occur.
ELASTICITY
In analogy with Knein's or Williams' approach. or equation (l), displacements ZQ, u4, tl, will be considered in the form ii, = &Jr(%), ug = P"L$@), 6t9 = 0 (axisymmetry).
In case of a rigid conical inclusion, the boundary conditions require that (131 U, = U, = C', = 0 at t1 = fi (inclusion).
In case of a conical notch, the boundary conditions require stresses ~~~ and or@ to vanish. If these stresses are related according to Hooke's law to strains egg, E,, , and E,@, and if these are in turn expressed in terms of displacements I (,, ug (see [9, 81) and equation (13) is substituted, variable r disappears and the boundary conditions of a notch take the form aufJat3 = -(l c v' _t ;Iv')Ur -(13' cot P)U, euJ?ct = ( 1 -j.)U# at 8 = /? {notch)
where V' = IT/( i -I'). v = Poisson's ratio.
(A) Solutiou in terms of'Legendre functions
The displacements are best expressed in terms of the Papkovich-Neuber potentials, which automa~icalIy satisfies Navier's differential equations of equiIibrium. This approach has been adopted by Thompson and tittie [4] . Although they considered no notches or inclusions (/r > x/2), it is easy to check that their solution also applies to these cases. According to equation 2.39 in [4] , non-zero solutions of the type (13) The results, which seem to be accurate to four digits, are shown in Table 1 and Fig. 2 . The numerical approach could also be based on Papkovich-Neuber potentials, but with regard to stress boundary conditions it is more convenient to use the three Navier's differential equations of equilibrium in terms of displacements (see Ref.
[Q], Section 96, p. 141), of which the condition for the &direction is automatically satisfied. If expressions (13) are substituted into these equations, variable r disappears and one obtains:
n a"u, 
For numerical solution, interval (0, p) is subdivided by discrete nodes and equations (18), (IQ) and (14) or (15) Computer analyses for a subdivision with step Ap = a/96 (resulting in a system of IQ2 equations) have yielded results (Fig. 2, Table I ) that coincide to four digits with the results of the preceding analytical solution, except for the case v = O-499 for which the error varies between 0.0001 and 0.08. (This is because v" --t co for v --+ 0.5; but for v = 0.5 the solution could be based on differential equations of equilibrium for an incompressible material.) The numerical solution is about equally easy to program as the analytical one. It involves more arithmetic operations but the computer cost is not excessive, anyhow.
Approaching the cone vertex along any radial ray, the stresses grow to co as r-'-j. Note that the stress singularity strength li. -1 depends on Poisson's ratio. Physically, the axisymmetric singular stress states obtained are excited by combinations of a normal stress parallel to axis 0 = 0 at infinity and of equal biaxial normal stresses perpendicular to axis 8 = 0 at infinity.
Knowing i, the eigenstates, when desired, can easily be computed from the formulas 2.32 and 2.33 derived in [4] by setting in these formulas C; = C and L?; = Cx,(I + c~)~~(.~~~~ Knowledge of the field near the singularity makes it possible to construct a singular finite element for the vertex region of a cone, and thui to solve practical boundary value problems for bodies of finite dimensions.
Conical notches and inclusions produce singularities of stress or potentiat gradient whose strength varies from 0 to -1 in dependence on the cone angle. The stress singularity also depends on the Poisson's ratio. The problem can be solved analytically in terms of Legendre functions. A numerical solution based on finite differences in the angular spherical coordinate is also possible and yields equally accurate results. This fact at the same time serves as a check on the validity of this numerical method, which is applicable to a broad class of other problems.
